Fuzzy sets and logic have been largely used for the treatment of the uncertainty, vagueness and ambiguity found in the modeling of real problems. However, there may exist also the case when there is uncertainty related to the membership functions to be used in the modeling of fuzzy sets and fuzzy numbers, as there are many ways to define the shape of this kind of number. Thus, one can use, for example, the theory of interval fuzzy sets to address this uncertainty, considering different modelings of fuzzy numbers into a single interval fuzzy number. In this paper, we use interval fuzzy numbers to represent probabilities that are difficult to be estimated and where the modeling of fuzzy numbers is not trivial. To elaborate the calculation of interval fuzzy probabilities, we introduce an approach based on the one used by Buckley and Eslami for fuzzy probabilities, where the probabilities respect an arithmetic restriction. We discuss several properties of the proposed approach.
Introduction
In problems of decision making in an environment with uncertainty, the decision maker must estimate the probabilities of different actions, which may lead to different outcomes. However, sometimes these probabilities are difficult to estimate precisely, such as problems in agent-based social simulation [1, 2, 3] , which often have linguistic variables to define some parameters of the agents involved in the modeling [4, 5, 6] under vagueness, ambiguity and uncertainty.
However, one can find in the theory of fuzzy sets an alternative to model this imprecision, as fuzzy numbers are ideal for representing linguistic variables and modeling imprecise values [7, 8] . But still there may be uncertainty in how to model this fuzzy numbers, as there are many ways to define the shape of this kind of number. Thus, one can use the theory of interval fuzzy sets to address this uncertainty, considering different modelings of fuzzy numbers into a single interval fuzzy number [9] .
In this paper, we use interval fuzzy numbers to represent probabilities that are difficult to be estimated and where the modeling of fuzzy numbers is not trivial. To elaborate the calculation of interval fuzzy probabilities, we introduce an approach based on the one used by Buckley and Eslami [10] , where the probabilities respect an arithmetic restriction on the interval [0, 1]. We discuss several properties of the proposed approach.
In the literature, we can find other approaches to fuzzy probabilities. For example, the approach proposed by da Costa [11] , without the use of an arithmetic restriction, facilitates the calculation of each probability, avoiding the interdependence between them, but it produces fuzzy numbers with greater dispersion than the ones produced by our approach. As the probabilities defined in this paper are calculated to be utilized in problems of decision making, we prefer to work with fuzzy values with the least possible dispersion to avoid ambiguous cases in the ordering of imprecise values.
The paper is organized as follows. In Section 2, we provide the notion of interval fuzzy numbers, their arithmetic and a total order for symmetric triangular and positive interval fuzzy numbers. In Section 3, preliminary aspects and the aforementioned approach for fuzzy probabilities is presented, as the definition of fuzzy mean 1 . In Section 4, the focus is on development of the approach to interval fuzzy probabilities, joint with some propositions and properties, and the definition of interval fuzzy mean. Section 5 brings the final considerations of this paper and some ideas for future work.
Interval Fuzzy Numbers
The fuzzy set theory is a useful tool for modeling uncertainty. However, sometimes it is difficult to determine the membership degree to be used for certain problems. To work around this situation, several authors (e.g., as discussed in [14, 15, 16, 17] ) represent the membership degrees through real intervals, thus extending fuzzy sets to interval fuzzy sets.
Considering IR as the set of all real intervals, let U I = [0, 1] ∈ IR be the real unit interval, and
Thus, an interval fuzzy subset A of a universe X is defined as the set of ordered pairs
where µ A : R → U is the interval membership function of A.
If the interval membership function µ A is continuous 2 , then there are continuous functions µ A l , µ Au : X → U I called respectively as lower membership function (LMF) and upper membership function (UMF), such that, for every x ∈ X:
where
. The inner and outer supports of an interval fuzzy set A of X are defined, respectively, by:
For the same A, the core of this interval fuzzy subset is defined by:
In other words:
where An interval fuzzy number is defined as an interval extension of the usual definition of the fuzzy number, considering the approach of interval fuzzy sets presented here. Therefore, an interval fuzzy numberN is defined as a interval fuzzy set of R with the following characteristics: [9] If the functions LMF and UMF are both linear, thenN is called linear interval fuzzy number, which can be defined by an interval membership function µN , with supports lsuppN = (a l , b l ), 2 The continuity of interval functions was defined by Moore as an extension of the continuity of real functions. More information on this subject can be seen in [18, 19, 20] . usuppN = (a u , b u ) and core coreN = [u 1 , u 2 ], and is denoted by the tuple
If u 1 = u 2 = u, thenN is a triangular (linear) interval fuzzy number. The set of all interval fuzzy numbers is denoted byF(R).
One can observe that the functions LMF and UMF describe, respectively, the fuzzy numbersN l ē N u , which can represent the interval fuzzy number N . Assuming thatN l andN u are both symmetric triangular fuzzy numbers described respectively by the functions µN Thus, an interval fuzzy number may be represented as an ordered pair of fuzzy numbers. Therefore,N = (N l ,N u ), whereN l andN u are called lower generator number and upper generator number, respectively, as they constituteN .
The addition of two triangular interval fuzzy numbersN
is the triangular interval fuzzy number
Clearly, in this case, one has that
where the addition is the usual adition among triangular fuzzy numbers. Analogously, the pseudoinverse additive of a triangular interval fuzzy num-
Based on the concept that two symmetric triangular fuzzy generator numbers with the same core produce a symmetric triangular interval fuzzy number, an order relation was defined, based on the AD-order for comparing the fuzzy generator numbers, and analyzing those comparisons to determine the ordering of symmetric triangular interval fuzzy numbers. [21] LetF 1l andF 1u be two symmetric triangular interval fuzzy numbers obtained through the functions LMF and UMF, respectively, of an interval fuzzy numberF 1 . Analogously, letF 2l eF 2u be, respectively, the lower and upper fuzzy generator numbers of another symmetric triangular interval fuzzy number,F 2 . Then, the relation< is defined by: (7) where< is given in the next Definition.
Definition 1 Given a fix ρ ∈ [0, 1],F 1<F2 if and only if one of the following conditions hold:
Then, one has that:
This relation, as the AD-order, take the information precision contained in each number into consideration as a factor to be analyzed when interval fuzzy numbers are ordered. This relation also satisfies the properties of reflexivity, antisymmetry and transitivity, so it is an order relation. Finally, one has that:
Therefore, the relation defined by the Equation (9) to be total. The proofs of these properties are presented in [21] .
Fuzzy Probabilities
For the purpose of this paper, we consider triangular and symmetrical fuzzy numbers, denoted bȳ
with u being the core of the fuzzy number, and its α-cuts represented bȳ
Interval fuzzy numbers [9] can be represented by pairs of generator fuzzy numbers asF = (F i ,F s ), whereF i andF s are defined by the lower and upper membership functions ofF , respectively. The [α 1 , α 2 ]-cuts ofF are given bŷ
For ordering interval fuzzy numbers, we adopt the Interval AD-Order [21] . We present a general definition, through stochastic vectors, for the approach proposed by Buckley to calculate fuzzy probabilities [10, 22] , which does not consider the standard probability theory [23] . Let X = {x 1 , . . . , x n } be a finite set and P : ℘(X) → [0, 1] a probability function defined for all subsets of X, with P (
Thus, (X, P ) characterizes a finite and discrete probability distribution, represented by the set Φ = {φ 1 , . . . , φ n }.
We observe that the elements of Φ are often obtained by experts' opinions, not always representing precise values or consensus. To model this uncertainty, one may use fuzzy numbersφ i , forming a new set denoted byΦ. Thus, the fuzzy probability functionP is the representation of an uncertain expert opinion on the studied subject. The elements ofP are symmetric triangular fuzzy num-
where a i and b i are the pessimistic and optimistic estimates of x i , respectively, and u i is the "the most likely" estimate.
When several experts provide these values, then a i and b i are obtained by calculating the variance of all the pessimistic and optimistic estimates, respectively, on the occurrence of x i , and u i is the result of the arithmetic mean of all "most likely" estimates about the analyzed event [10, 22] . Hardly the obtained triangular fuzzy number is going to be symmetric, then one should transform this fuzzy number in order to obtain a new symmetric triangular fuzzy number denoted by
, where
For (X,Φ) to represent a finite and discrete distribution of probabilities, it is necessary to make an arithmetic restriction, since the interval sum of the α-cuts of allφ i hardly results in 1 [10] . Thus, for all 0 ≤ α ≤ 1, we choose a e i from each α-cutφ i [α] so that n i=1 e i = 1. So, instead of the interval sum of the α-cuts necessarily results in 1, we just need to obtain a single crisp value e i from eachφ i [α] in a way that the sum of all chosen e i results in 1.
For that, consider the set of stochastic vectors
which is the cartesian product of the elements ofΦ, represented by α-cuts. The set
is the domain of the functions that characterize the intended arithmetic restriction. Consider a subset A ⊆ X and let
. . , n} | x i ∈ A} be the set of indexes of the elements of A related to the indexes of the set X = {x 1 , . . . , x n }. 3 For
defines the desired arithmetic restriction. Then, the fuzzy probability of a subset A ⊆ X is obtained through its α-cuts:
Lemma 2 The set S , so i∈Ia φ i ∈P (A) [1] , which means thatP (A) is indeed a fuzzy number. As all φ i ∈Φ are symmetric triangular fuzzy numbers,μ r Φ will also be one, as none of the operations to calculate the fuzzy probability alters the form of the resulting fuzzy number [9] .
Considering A and B as subsets of X,0 = (0/0/0) and1 = (1/1/1), and using the ADorder [21] , we have the following properties: [12, 13] 
a) A ∩ B = ∅ ⇒P (A) +P (B)≤P (A ∪ B).

b) A ⊆ B ⇒P (A)≤P (B). c) ∀A :0≤P (A)≤1; d)P (∅) =0 ∧P (X) =1; e)P (A) +P (A )≤1; f) A ∩ B =∅ ⇒P (A)+P (B)−P (A ∩ B)≤P (A ∪ B).
Finally, we show how to define the fuzzy meanμ r Φ through the multiplication of eachΦ = {φ 1 , . . . ,φ n } by the real values in r = (r 1 , . . . , r n ) ∈ R n . To this end, we introduce the function
for 0 ≤ α ≤ 1, which ensures that the arithmetic restriction is respected. The fuzzy mean for a r = (r 1 , . . . , r n ) ∈ R n is defined through its α-cuts, for 0 ≤ α ≤ 1: will also be one, as none of the operations to calculate the fuzzy mean alters the form of the resulting fuzzy number [9] .
Interval Fuzzy Probabilities
We adopt an anologous approach for fuzzy probabilities in order to define interval fuzzy probabilities. Let X = {x 1 , . . . , x n } be a finite set and P : ℘(X) → [0, 1] a probability function defined for all subsets of X, for P ({x j }) = φ j , 1 ≤ j ≤ n, 0 ≤ φ j ≤ 1 and n i=1 φ j = 1, characterizing a discrete and finite probability distribution Φ = {φ 1 , . . . , φ n }.
Consider that some of these φ j represent imprecise values, in a way that even its fuzzy modeling is not trivial. Thus, we use interval fuzzy numbers substituting each φ j forφ j , constituting a new set Φ. Then, we have a interval fuzzy probability functionP , in a way that the elements ofΦ are represented by symmetric triangular interval fuzzy numberP (x 1 ) =φ j = (φ j i ,φ j s ), for 1 ≤ j ≤ n, wherē φ j i represents the fuzzy modeling with the lowest imprecision, andφ j s represents the fuzzy modeling with the highest imprecision, according to the experts' opinions.
For (X,Φ) to represent a finite and discrete probability function, we define an arithmetic restriction.
, an e j such that n j=1 e j = 1. Consider the set of stochastic vectors
of the cartesian product of the [α 1 , α 2 ]-cuts of the elements ofΦ, and
which is the domain of the function that characterizes the arithmetic restriction. In order to guarantee that S α1,α2 Φ = ∅ is necessary to impose the restriction that 1 belong to
. Let A ⊆ X be the index set of the elements of A, related to the indexes 4 from X, defined by
, which characterizes the arithmetic restriction, is defined by:
where 0 ≤ α 1 ≤ α 2 ≤ 1. The fuzzy probability of a subset A ⊆ X is defined through its [α 1 , α 2 ]-cuts:
Lemma 5 , by Lemma 5, is formed by connected, closed and bounded intervals, which implies that the image of f
, is a closed and bounded interval of real numbers. [1, 1] , meaning thatP (A) is indeed an interval fuzzy number. As allφ i ∈Φ are symmetric triangular interval fuzzy numbers, also iŝ P (A) [9] .
Proposition 7
The interval fuzzy probabilityP (A) may be obtained through the calculation of its fuzzy generator probabilitiesP (A) i andP (A) s , as:
4 When the set of indexes from X can be understood by context, we denote the subset A ⊆ X simply as J A .
Proof. The proof is immediate, sinceP (
Observe that, for each j, one can denoteφ j = (φ j i ,φ j s ). (15) . So, we obtain the representation of interval fuzzy probabilities through their fuzzy generator probabilities as follows:P
The advantage in utilizing this kind of representation is that all the properties of fuzzy probabilities presented in the Sect. 3 are valid for interval fuzzy probabilities, which are calculated through the fuzzy generator probabilities and the order relation for interval fuzzy numbers based on the ADorder. Consider0 = (0,0),1 = (1,1) and A, B ⊆ X.
We have the following properties:
Proof. We will show that (17) may be rewritten as follows:
Assuming that
it follows that so the Eq. (18) is verified. The equations (19) and (20) are both true, as we are dealing with the same case discussed in the Sect. 3 for fuzzy probabilities of two disjoint sets. Proof. We have that (21) for 0 ≤ α ≤ 1, which means by the interval AD-order thatP (A)+P (B)−P (A∩B)≤P (A∪ B). The Eq. (21) may be rewritten as:
Proof. One may observe that
we have that Eq. (21) is true. The equations (22) and (23) are also true, as they belong to the same case discussed in the Section 3 for fuzzy probabilities of two non-disjoint sets. 
Conclusion
The presented approach for interval fuzzy probabilities was shown as a viable way to represent imprecise probabilities with uncertainty in how the imprecision should be modeled. Coupled with the interval AD-order, this approach allows that certain properties of classical probability are maintained. This enables the expansion of problems where crisp probabilities are applied to versions with fuzzy or interval fuzzy probabilities.
It was observed that the interval fuzzy probabilities and interval fuzzy mean may be calculated using fuzzy generator probabilities, a simple alternative which takes advantage of the all the developed concepts for fuzzy probabilities.
Finally, for future work, we intend to use the presented approach to deal with the concept of interval fuzzy random variable and apply interval fuzzy probabilities in problems of social interaction based on agents, mainly in decision-making based on game theory [12, 24] . Another potential application of this theory is the prediction of results of political elections or of games as made in [11] .
